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Abstract
We establish the asymptotic density and some structure results for the
Motzkin numbers modulo primes up to 29 using automata.
1 Introduction
The Motzkin numbers Mn are defined by
Mn :=
∑
k≥0
(
n
2k
)
Ck
where Ck are the Catalan numbers.
There has been some work in recent years on analysing the Motzkin numbers Mn
modulo primes and prime powers. Deutsch and Sagan [2] provided a characterisation
of Motzkin numbers divisible by 2, 4 and 5. They also provided a complete charac-
terisation of the Motzkin numbers modulo 3 and showed that no Motzkin number is
divisible by 8. Eu, Liu and Yeh [3] reproved some of these results and extended them
to include criteria for when Mn is congruent to {2, 4, 6} mod 8. Krattenthaler and
Mu¨ller [5] established identities for the Motzkin numbers modulo higher powers of 3
which include the modulo 3 result of [2] as a special case. Krattenthaler and Mu¨ller
[4] have more recently extended this work to a full characterisation of Mn mod 8 in
terms of the binary expansion of n. Their characterisation is rather elaborate and
less susceptible to analysis than that provided in [3]. The results in [5] and [4] are
obtained by expressing the generating function of Mn as a polynomial involving a
special function. Rowland and Yassawi [6] investigated Mn in the general setting of
automatic sequences. The values of Mn (as well as other sequences) modulo prime
powers can be computed via automata. Rowland and Yassawi provided algorithms
for creating the relevant automata. They established results for Mn modulo small
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prime powers, including a full characterisation of Mn modulo 8 (modulo 5
2 and 132
are available from Rowland’s website). They also established that 0 is a forbidden
residue for Mn modulo 8, 5
2 and 132. In theory the automata can be constructed for
any prime power but computing power and memory quickly becomes a barrier. For
example, the automata for Mn modulo 13
2 has over 2000 states. Rowland and Yassawi
also went on to describe a method for obtaining asymptotic densities of Mn.
We will use Rowland and Yassawi’s automata to establish asymptotic densities of
Mn modulo primes up to 29. We will also make note of some structure results that
appear from an examination of the relevant state diagrams of the automata. We
have stopped at 29 but the method can be applied to any prime power taking into
account memory and processing restrictions. We do not provide full details of the
automata that we have constructed. Full details are available from our website. The
reason for this is that the number of transitions that would need to be included (1015
transitions when looking at Mn mod 29 for example) would make any state diagram
unreadable.
Table 1 summarises the results that will be presented in subsequent sections.
Here, the asymptotic density of a subset S of N is defined to be
lim
N→∞
1
N
#{n ∈ S : n ≤ N}
if the limit exists, where #S is the number of elements in a set S.
For a number p, we write the base p expansion of a number n as
[n] p = 〈nrnr−1...n1n0〉
where ni ∈ [ 0, p− 1] and
n = nrp
r + nr−1pr−1 + ...+ n1p+ n0.
2 Background onMotzkin numbers modulo primes
As mentioned in the introduction there have been results which characterise Mn
modulo primes 2, 3, and 5. We collect these below and then discuss the similarity
with results for larger primes.
Theorem 1. (Theorem 5.5 of [3]). The nth Motzkin number Mn is even if and only
if
n = (4i+ )4j+1 − δ for i, j ∈ N,  ∈ {1, 3} and δ ∈ {1, 2}.
2
Prime Density Other relations
7 1 Mn ≡ 0 mod 7 when n = 7k − 2.
Mn ≡ 2 mod 7 when n = 7k − 1.
11 1
55
= 2
10∗11
13 1
78
= 2
12∗13
Mn ≡ 0 mod 17 when n = 172k − 2 .
17 1 Mn ≡ −1 mod 17 when n = 172k−1 − 2 .
Mn ≡ 2 mod 17 when n = 172k − 1.
Mn ≡ −1 mod 17 when n = 172k−1 − 1 .
19 1 Mn ≡ 0 mod 19 when n = 19k − 2 .
Mn ≡ 2 mod 19 when n = 19k − 1 .
23 1
253
= 2
22∗23
29 22
3045
> 2
28∗29
Table 1: Table of results
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Theorem 2. (Corollary 4.10 of [2]). Let T ( 01 ) be the set of numbers which have a
base-3 representation consisting of the digits 0 and 1 only. Then the Motzkin numbers
satisfy
Mn ≡ −1 mod 3 if n ∈ 3T ( 01) − 1,
Mn ≡ 1 mod 3 if n ∈ 3T ( 01) or n ∈ 3T ( 01) − 2,
Mn ≡ 0 mod 3 otherwise.
Theorem 3. (Theorem 5.4 of [2]). The Motzkin number Mn is divisible by 5 if and
only if n is one of the following forms
( 5i+ 1) 52j − 2, ( 5i+ 2) 52j−1 − 1, ( 5i+ 3) 52j−1 − 2, ( 5i+ 4) 52j − 1
where i, j ∈ N and j ≥ 1.
The above results and others have been used to establish asymptotic densities of the
sets
Sq(0) = {n < N : Mn ≡ 0 mod q} . (1)
for q = 2, 4, 8, 3 and 5 - see [6] and [1]. In particular the asymptotic density of S2(0)
is 1
3
([6] example 3.12), the asymptotic density of S4(0) is
1
6
([6] example 3.14), the
asymptotic density of S3(0) is 1 [1] and the asymptotic density of S5(0) is
1
10
[1].
There are 2 questions which we will investigate in this article. Firstly, what is the
asymptotic density of Sp(0) for primes from 7 to 29? Secondly, what structural
features are evident in the distribution of Mn modulo these primes? The investigation
will proceed by constructing an automaton for each prime following the instructions
from [6] (Algorithm 1). The state diagram for the automaton provides an excellent
tool for analysing the behaviour of Mn modulo each prime. It will be seen that the
primes considered here either fit the pattern of theorems 1 or 3 in which case the
asymptotic density of Sp(0) is
2
p(p−1) (or thereabouts), or fit the pattern of theorem 2
in which case the asymptotic density of Sp(0) is 1. For those primes which fit the
pattern of theorems 1 and 3 we will be interested in sets of the form
S( q, r, s, t) = {( qi+ r) qsj+t : i, j ∈ N} (2)
and
S
′
( q, r, s, t) = {( qi+ r) qsj+t : i, j ∈ N, j ≥ 1} (3)
for integers q, r, s, t. For these sets we have the following theorem from [1]
Theorem 4. Let q, r, s, t ∈ Z with q, s > 0, t ≥ 0 and 0 ≤ r < q. Then the asymptotic
density of the set S is ( qt+1−s( qs − 1) ) −1. The asymptotic density of the set S ′ is
( qt+1( qs − 1) ) −1.
4
s[1]start s[2]
3
4
Figure 1: Example of transition from state s[1] to state s[2] and a loop.
3 Background on automata
Rowland and Yassawi showed in [6] that the behaviour of sequences such as Mn
mod p can be studied by the use of finite state automata. The automaton has a
finite number of states and rules for transitioning from one state to another. In the
form described in [6] each state s is represented by a polynomial in 2 variables x and
y. Each state has a value obtained by evaluating the polynomial at x = 0 and y = 0.
In summary each n is first represented in base p. The base p digits of n are fed into
the automaton starting with the least significant digit. The automaton starts at an
initial state and transitions to a new state as each digit is fed into it. The value of
the final state after all n’s digits have been used is equal to Mn mod p. Refer to [6]
for more details.
In the remainder of this article we will provide details of the automaton for each prime.
We will provide the polynomials and values for the states but not all of the transitions
as these can be quite numerous. States are listed as s[1], s[2], ...Transitions, when
provided, will be in the form ( i, j) → k which means that if the automaton is in
state i and receives digit j then it will move to state k. We will call a state s a loop
state if all transitions from s go to s itself, i.e. ( s, j) → s for all choices of j.
States and transitions are represented visually in the form of a directed graph. For
example, figure 1 represents an automaton which moves from state s[1] to state s[2]
when it receives the digit 3. It also moves from state s[2] to state s[2] (i.e. loops) if
it is in state s[2] and receives a digit 4.
4 Motzkin numbers modulo 7
The automaton for Mn mod 7 has 11 states. These are
s[1] = (5 ∗ y4 + 5 ∗ y3) ∗ x2 + 6 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
s[4] = 2
s[5] = 4
s[6] = (6 ∗ y2 + 6 ∗ y) ∗ x
5
s[7] = (y2 + y) ∗ x+ 2
s[8] = 3
s[9] = 0
s[10] = 5
s[11] = 6
The value of each state is obtained by setting (x, y ) = ( 0, 0 ) . The states with value
0 are s[1], s[2], s[6] and s[9]. States s[1] and s[2] cannot be final states because no
transition ends at s[1] and the only way to get to s[2] is from s[1] with a 0 digit and
0 never appears as a final (i.e. most significant) digit of a number. State s[9] is the
only loop state. The states of the automaton can be partitioned into 2 sets. Let the
set A be defined by
A := { s[1], s[6], s[7] }
and the set A be the set of all other states. If the state path is in a state from A
and receives a 3 then it transitions to state s[9] from where it never leaves. Once the
state path enters a state from the set A it never returns to any element of the set A.
If the state path is in a state from A and receives a 3 then it transitions to a state
from A. Putting all this together, any number n which has a base-7 representation
containing 2 or more digits 3 will have a state path that ends at state s[9], implying
that Mn ≡ 0 mod 7. Since the asymptotic density of the set of numbers having 0
or 1 digits 3 in its base-7 representation is 0, this implies that the set S7(0) has
asymptotic density 1.
Numbers n of the form 7k − 2 for some k ≥ 1 have base-7 representation
[n] 7 = 〈6, 6, 6, ...6, 5〉
where there are (k − 1) 6’s in the representation. The subset of the state diagram
given in figure 2 shows that the state path for this n goes from the initial state to
state s[6] and remains there. Since the vale of s[6] is 0 this shows that
Mn ≡ 0 mod 7 when n = 7k − 2. (4)
Similarly, when n = 7k − 1 for some k ≥ 1, n has base-7 representation
[n] 7 = 〈6, 6, 6, ...6, 6〉
where there are k 6’s in the representation. In this case the state path goes from the
initial state to state s[7] and stays there. Since the value of s[7] is 2 we have
Mn ≡ 2 mod 7 when n = 7k − 1. (5)
Figure 2 provides a pictorial summary of the situation for Mn mod 7.
6
s[1]start
s[6]
A \ s[9]
s[7]
s[9]
5
3
6
6
3
3
6
3
all
Figure 2: Partial state diagram for Mn mod 7.
5 Motzkin numbers modulo 11
The automaton for Mn mod 11 has 17 states. These are
s[1] = (9 ∗ y4 + 9 ∗ y3) ∗ x2 + 10 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
s[4] = 2
s[5] = 4
s[6] = 9
s[7] = 10
s[8] = 7
s[9] = 6
s[10] = (10 ∗ y2 + 10 ∗ y) ∗ x+ 10
s[11] = (y2 + y) ∗ x+ 10
s[12] = 3
s[13] = 8
s[14] = 5
s[15] = 0
s[16] = (10 ∗ y2 + 10 ∗ y) ∗ x
s[17] = (y2 + y) ∗ x+ 2
The states with value 0 are s[1], s[2], s[15] and s[16]. Again states s[1] and s[2] cannot
be final states because the only way to get to s[2] is from s[1] with a 0 digit and 0 never
appears as a final (i.e. most significant) digit of a number. State s[15] is the only loop
7
state. Figure 3 is a subgraph of the state graph of this automaton which shows all
the ways in which a state path can reach states s[15] or s[16]. Figure 3 demonstrates
that there are only 4 forms of numbers which reach a state with value 0. These forms
can be written either in terms of their base-11 representation or via formulae similar
to those in theorems 1 and 3. In terms of their base-11 representations the 4 forms
are
[n ] 11 = 〈 [ i ] 11, 8, 10, 10, ..., 10, 9〉 with an even number of 10’s
[n ] 11 = 〈 [ i ] 11, 0, 10, 10, ..., 10, 9〉 with an odd number of 10’s
[n ] 11 = 〈 [ i ] 11, 1, 10, 10, ..., 10, 10〉 with an odd number of 10’s
[n ] 11 = 〈[ i ] 11, 9, 10, 10, ..., 10, 10〉 with an even number of 10’s
where i is an arbitrary integer. Converting these forms to a formula we have
Theorem 5. The Motzkin number Mn is divisible by 11 if and only if n is one of the
following forms
( 11i+ 9) 112j−1 − 2, ( 11i+ 1) 112j − 2, ( 11i+ 2) 112j−1 − 1, ( 11i+ 10) 112j − 1
where i, j ∈ N and j ≥ 1.
The asymptotic densities of these 4 forms can be derived from theorem 4.
Theorem 6. The asymptotic density of numbers of the first and third forms in the-
orem 5 is 1
120
. The asymptotic density of numbers of the second and fourth forms in
theorem 5 is 1
1320
each. Therefore the asymptotic density of S11(0) is
1
55
.
Figure 3 provides a pictorial summary of the situation for Mn mod 11.
6 Motzkin numbers modulo 13
The automaton for Mn mod 13 has 17 states. These are
s[1] = (11 ∗ y4 + 11 ∗ y3) ∗ x2 + 12 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
s[4] = 2
s[5] = 4
s[6] = 9
s[7] = 8
8
s[1]start
s[11]
s[15]
s[10] s[16]
s[17]
10
9
10
1
all
10
8
10
0
10
9
Figure 3: Partial state diagram for Mn mod 11.
s[8] = 12
s[9] = 10
s[10] = 11
s[11] = 3
s[12] = (12 ∗ y2 + 12 ∗ y) ∗ x
s[13] = (y2 + y) ∗ x+ 2
s[14] = 7
s[15] = 6
s[16] = 5
s[17] = 0.
The states with value 0 are s[1], s[2], s[12] and s[17]. We exclude states s[1] and s[2]
again. State s[17] is the only loop state. Figure 4 is a subgraph of the state graph of
this automaton which shows all the ways in which a state path can reach states s[12]
or s[17]. Figure 4 demonstrates that there are only 2 forms of numbers which reach
a state with value 0. These forms can be written either in terms of their base-13
representation or via formulae similar to those in theorems 1 and 3. In terms of their
base-13 representations the 2 forms are
[n ] 13 = 〈 [ i ] 13, 0, 12, 12, ..., 12, 11〉
9
s[1]start
s[12]
s[13]
s[17]
11
12
12
0
12
11
all
Figure 4: Partial state diagram for Mn mod 13.
[n ] 13 = 〈 [ i ] 13, 11, 12, 12, ..., 12, 12〉
where i is an arbitrary integer. Converting these forms to a formula we have
Theorem 7. The Motzkin number Mn is divisible by 13 if and only if n is one of the
following forms
( 13i+ 1) 13k − 2, ( 13i+ 12) 13k − 1
where k ∈ N and k ≥ 1.
The asymptotic densities of these 2 forms can be derived from theorem 4.
Theorem 8. The asymptotic density of each of the 2 sets of numbers described in
theorem 7 is 1
156
. Therefore the asymptotic density of S13(0) is
1
78
.
Figure 4 provides a pictorial summary of the situation for Mn mod 13.
7 Motzkin numbers modulo 17
The automaton for Mn mod 17 has 23 states. These are
s[1] = (15 ∗ y4 + 15 ∗ y3) ∗ x2 + 16 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
10
s[4] = 2
s[5] = 4
s[6] = 9
s[7] = 0
s[8] = 8
s[9] = 12
s[10] = 7
s[11] = 15
s[12] = 6
s[13] = (16 ∗ y2 + 16 ∗ y) ∗ x+ 16
s[14] = (y2 + y) ∗ x+ 16
s[15] = 3
s[16] = 5
s[17] = 11
s[18] = 16
s[19] = 14
s[20] = 10
s[21] = 13
s[22] = (16 ∗ y2 + 16 ∗ y) ∗ x
s[23] = (y2 + y) ∗ x+ 2
The states with value 0 are s[1], s[2], s[7] and s[22]. We ignore states s[1] and s[2]
again. State s[7] is the only loop state. The states of the automaton can be partitioned
into 2 sets. Let the set A be defined by
A := { s[1], s[13], s[14], s[22], s[23] }
and the set A be the set of all other states. If the state path is in a state from A and
receives a 5 or 11 then it transitions to state s[7] from where it never leaves. Once the
state path enters a state from the set A it never returns to any element of the set A. If
the state path is in a state from A and receives a 5 or 11 then it transitions to a state
from A. Putting all this together, any number n which has a base-17 representation
containing 2 or more digits from {5, 11} will have a state path that ends at state s[7],
implying that Mn ≡ 0 mod 17. Since the asymptotic density of the set of numbers
having 0 or 1 digits from {5, 11} in its base-17 representation is 0, this implies that
the set S17(0) has asymptotic density 1.
In the state diagram there is a cycle between states s[13] and s[22] as follows:
( s[13], 16 ) → s[22]
11
( s[22], 16 ) → s[13]
We also have the transition
( s[1], 15 )→ s[13].
So numbers which have a base 17 representation of the form
[n ] 17 = 〈 16, 16, ..., 16, 15〉
will have Mn ≡ 0 or 16 mod 17 depending on whether the number of 16 digits is odd
or even. In particular,
if n = 172k − 2 then Mn ≡ 0 mod 17. (6)
and
if n = 172k−1 − 2 then Mn ≡ −1 mod 17. (7)
In the state diagram there is also a cycle between states s[14] and s[23] and a similar
argument shows that numbers which have a base 17 representation of the form
[n ] 17 = 〈 16, 16, ..., 16, 16〉
will have Mn ≡ 2 or 16 mod 17 depending on whether the number of 16 digits is
even or odd. In particular,
if n = 172k − 1 then Mn ≡ 2 mod 17 (8)
and
if n = 172k−1 − 1 then Mn ≡ −1 mod 17. (9)
Figure 5 provides a pictorial summary of the situation for Mn mod 17.
8 Motzkin numbers modulo 19
The automaton for Mn mod 19 has 23 states. These are
s[1] = (17 ∗ y4 + 17 ∗ y3) ∗ x2 + 18 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
s[4] = 2
12
s[1]start
s[14]
A \ s[7]
s[13]
s[7]
s[22]
s[23]
16
5, 11
15
16
5, 11
5, 11
16
5, 11
all
16
5, 11
16
5, 11
Figure 5: Partial state diagram for Mn mod 17.
s[5] = 4
s[6] = 9
s[7] = 13
s[8] = 0
s[9] = 18
s[10] = 3
s[11] = 7
s[12] = 16
s[13] = 14
s[14] = 17
s[15] = 6
s[16] = (18 ∗ y2 + 18 ∗ y) ∗ x
s[17] = (y2 + y) ∗ x+ 2
s[18] = 8
s[19] = 5
s[20] = 12
s[21] = 11
s[22] = 10
s[23] = 15
13
s[1]start
s[17]
A \ s[8]
s[16]
s[8]
18
4, 14
17
18
4, 14
4, 14
18
4, 14
all
Figure 6: Partial state diagram for Mn mod 19.
The states with value 0 are s[1], s[2], s[8] and s[16]. We ignore states s[1] and s[2]
again. State s[8] is the only loop state. The states can be partitioned into 2 sets. Let
the set A be defined by
A := { s[1], s[16], s[17] }
and the set A be the set of all other states. If the state path is in a state from A and
receives a 4 or 14 then it transitions to state s[8] from where it never leaves. Once the
state path enters a state from the set A it never returns to any element of the set A. If
the state path is in a state from A and receives a 4 or 14 then it transitions to a state
from A. Putting all this together, any number n which has a base-19 representation
containing 2 or more digits from {4, 14} will have a state path that ends at state s[8],
implying that Mn ≡ 0 mod 19. This implies that the set S19(0) has asymptotic
density 1.
The state diagram also shows that
if n = 19k − 2 then Mn ≡ 0 mod 19. (10)
and
if n = 19k − 1 then Mn ≡ 2 mod 19. (11)
Figure 6 provides a pictorial summary of the situation for Mn mod 19.
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9 Motzkin numbers modulo 23
The automaton for Mn mod 23 has 29 states. These are
s[1] = (21 ∗ y4 + 21 ∗ y3) ∗ x2 + 22 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
s[4] = 2
s[5] = 4
s[6] = 9
s[7] = 21
s[8] = 5
s[9] = 12
s[10] = 7
s[11] = 3
s[12] = 14
s[13] = 6
s[14] = 15
s[15] = 8
s[16] = (22 ∗ y2 + 22 ∗ y) ∗ x+ 22
s[17] = (y2 + y) ∗ x+ 22
s[18] = 19
s[19] = 11
s[20] = 22
s[21] = 10
s[22] = 16
s[23] = 20
s[24] = 17
s[25] = 18
s[26] = 13
s[27] = 0
s[28] = (22 ∗ y2 + 22 ∗ y) ∗ x
s[29] = (y2 + y) ∗ x+ 2
The states with value 0 are s[1], s[2], s[27] and s[28]. We exclude states s[1] and s[2]
again. State s[27] is the only loop state. Figure 7 is a subgraph of the state graph of
15
this automaton which shows all the ways in which a state path can reach states s[27]
or s[28]. Figure 7 demonstrates that there are only 4 forms of numbers which reach
a state with value 0. These forms can be written either in terms of their base-23
representation or via formulae similar to those in theorems 1 and 3. In terms of their
base-23 representations the 4 forms are
[n ] 23 = 〈 [ i ] 23, 20, 22, 22, ..., 22, 21〉 with an even number of 22’s
[n ] 23 = 〈 [ i ] 23, 0, 22, 22, ..., 22, 21〉 with an odd number of 22’s
[n ] 23 = 〈 [ i ] 23, 1, 22, 22, ..., 22, 22〉 with an odd number of 22’s
[n ] 23 = 〈 [ i ] 23, 21, 22, 22, ..., 22, 22〉 with an even number of 22’s
where i is an arbitrary integer. Converting these forms to formulae we have
Theorem 9. The Motzkin number Mn is divisible by 23 if and only if n is one of the
following forms
( 23i+ 21) 232j−1 − 2, ( 23i+ 1) 232j − 2, ( 23i+ 2) 232j−1 − 1, ( 23i+ 22) 232j − 1
where i, j ∈ N and j ≥ 1.
The asymptotic densities of these 4 forms can be derived from theorem 4.
Theorem 10. The asymptotic density of numbers of the first and third forms in
theorem 9 is 1
528
each. The asymptotic density of numbers of the second and fourth
forms in theorem 9 is 1
12144
each. Therefore the asymptotic density of S23(0) is
1
253
.
Figure 7 provides a pictorial summary of the situation for Mn mod 23.
10 Motzkin numbers modulo 29
The automaton for Mn mod 29 has 35 states. These are
s[1] = (27 ∗ y4 + 27 ∗ y3) ∗ x2 + 28 ∗ y2 ∗ x+ y
s[2] = (2 ∗ y3 + 2 ∗ y2) ∗ x2 + y ∗ x
s[3] = 1
s[4] = 2
s[5] = 4
s[6] = 9
s[7] = 21
16
s[1]start
s[17]
s[27]
s[16] s[28]
s[29]
22
21
22
1
all
22
20
22
0
22
21
Figure 7: Partial state diagram for Mn mod 23.
s[8] = 22
s[9] = 11
s[10] = 23
s[11] = 13
s[12] = 27
s[13] = 25
s[14] = 17
s[15] = 12
s[16] = 26
s[17] = 7
s[18] = 14
s[19] = 15
s[20] = 20
s[21] = 28
s[22] = 16
s[23] = 10
s[24] = (28 ∗ y2 + 28 ∗ y) ∗ x+ 28
s[25] = (y2 + y) ∗ x+ 28
s[26] = 3
17
s[27] = 19
s[28] = 5
s[29] = 6
s[30] = 18
s[31] = 8
s[32] = 24
s[33] = 0
s[34] = (28 ∗ y2 + 28 ∗ y) ∗ x
s[35] = (y2 + y) ∗ x+ 2
The states with value 0 are s[1], s[2], s[33] and s[34]. We exclude states s[1] and s[2]
again. State s[33] is the only loop state. Figure 8 is a subgraph of the state graph of
this automaton which shows all the ways in which a state path can reach states s[33]
or s[34]. Figure 8 demonstrates that there are only 4 forms of numbers which reach
a state with value 0. These forms can be written either in terms of their base-29
representation or via formulae similar to those in theorems 1 and 3. In terms of their
base-29 representations the 4 forms are
[n ] 29 = 〈 [ i ] 29, a, 28, 28, ..., 28, 27〉 with an even number of 28’s
[n ] 29 = 〈 [ i ] 29, 0, 28, 28, ..., 28, 27〉 with an odd number of 28’s
[n ] 29 = 〈 [ i ] 29, b, 28, 28, ..., 28, 28〉 with an odd number of 28’s
[n ] 29 = 〈 [ i ] 29, 27, 28, 28, ..., 28, 28〉 with an even number of 28’s
where i is an arbitrary integer, a ∈ { 13, 18, 26 } and b ∈ { 1, 9, 14 }. Converting these
forms to formulae we have
Theorem 11. The Motzkin number Mn is divisible by 29 if and only if n is one of
the following forms
( 29i+ a+ 1) 292j−1− 2, ( 29i+ 1) 292j − 2, ( 29i+ b+ 1) 292j−1− 1, ( 29i+ 28) 292j − 1
where a ∈ { 13, 18, 26 }, b ∈ { 1, 9, 14 }i, j ∈ N and j ≥ 1.
The asymptotic densities of these forms can be derived from theorem 4.
Theorem 12. The asymptotic density of numbers of the first and third forms in
theorem 11 is 1
840
each. The asymptotic density of numbers of the second and fourth
forms in theorem 11 is 1
24360
each. Therefore the asymptotic density of S29(0) is
22
3045
.
Figure 8 provides a pictorial summary of the situation for Mn mod 29.
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s[1]start
s[25]
s[33]
s[24] s[34]
s[35]
28
27
28
1, 9, 14
all
28
13, 18, 26
28
0
28
27
Figure 8: Partial state diagram for Mn mod 29.
11 General observations
Observation 13. The automaton for every prime we have looked at has a loop state
and that state has value 0. In addition, apart from the first 2 states there were always
2 other states with a value of 0. We do not know of a theoretical reason why this
should be the case but it would be interesting to either find a counterexample or prove
that this always occurs. It should be noted that he number of states associated with
the automaton depends on the algorithm used as mentioned in [6].
Observation 14. For primes p up to 23 the asymptotic density of Sp(0) is either 1
or 2
p(p−1) . The result for p = 29 shows that this is not true in general. However,
it may still be the case that the asymptotic density of Sp(0) ≥ 2p(p−1) for all primes.
If the state diagram for the automaton of Mn mod p contains a subgraph which
looks like the one in figure 9then the asymptotic density of Sp(0) ≥ 2p(p−1) . In figure
9 w, x, y, z are arbitrary elements of Z
pZ . Figure 4 is in this form. Figures 3, 7 and 8
are also in this form after an appropriate identification of nodes.
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B
C
D
w
x
p-1
y
p-1
z
all
Figure 9: Partial state diagram for Mn mod p.
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